
Math 451: Introduction to General Topology
Lecture 24

The (Finite Tychonoff). Finite products of compact spaces are compact
.

Proof
. By induction

,
it suffices to prove Kent if top spaces X

,
Y are compact ,

then so is XXY.

4 To be an open cover of XXY. For each fixed yeY,
the y-slice Xx(y) is compact becase

it is homeomorphis to X via the map xt(x, 3) : X-> XX 13) .

Thes
,
XX(y) admits a finite subcover

Wy = W
,

i .
e. Wy is finite and Xx9g] = UNy = VW

. By the tube Kemma,
Y Wy

Xx9y]
& open Vysy such Not XXVy= UNy. Now SVW is an open cover of Y

, y -
U

so there is a finite subcover >Us , , ..., Ver) .
But Men XxY = XxIVVyi) = X

U i= 1

= XXVyVNy , soUWy ,
is a file subver o W for

We now preve tor arbitrary products .

To do so we need an important lemma which

makes it much easier to prove compactin as it gives us more control over open covers.

To prove this important lemma ,
we need the following equivalent statement to AC :

Def
.

A binaryelation s on a set X is called a Estrict) partial order if for all x
, 3 , 7EX,

(i) xkX ;

(ii) x ( y => y4X ;

(iii) xy and yez t Xcz.

It is called aIstrict total order if distinct xgEX , XcY or yax .

A cabset Y of a par-

tally ordered set I
,
) is called a chain it in a total order on

Y
.

Example .

On P(IN)
,
the elation I in a strict particl order ,

which is not total bere
2N and 31N over incomparable. The collection 340

,
1
.... 37 ness

is a chain
,

whose upper boand is N.

Zorn's Lemma (E AC)
.

Let (x
,
2) be a partially ordered st .

If every chain in X has an

upper boand ,
then X has a maximal element.



Example . Every vector space V has a basis.
Proof

.

Let X : = the collection of all independent subsets of I ordered by I
.

Then every chain 2 in X has an upper bound , namely ,
Ve

,
which is still

independent boase linear dependence is witnessed by kuibey many rectors
,
which

hence be contained in a single CEC
,

a contradiction .

So Zorn's lemma applies
and gives a maximal independent not BEV.

This B is a basis braue for

ech recher reV
,

if -$B
,

then by maximality , BVSV3 is dependent ,
so vis

a finite linear combination of lone rectors in B.

Recall but in checking compactness it soffices to only consider Open covers withrle in some

basis
.
Thefollowing is a significant strengthening of this :

Alexander's probasic (subbase) therem(AD) .

A top space X is compact <=> for come probasis 8
of X

, every open cover MED has a finite subrever .

Proof
.
To prove c ,

it suffices to show hat every open cover of X with sets in the

basis B := EP := &VlVil ... 1Vn : [,..,
VubER

,
neIN3

·

let M333 be a never of X

and suppose towards a contradiction that there is no finite subcover. A clever application
of Zoon's lemma gives an open cover &B which doesn't admit a finite subnover

and is maximal such in the following sense : recall that each UEI in a finite

intersection VIVe1 ... 1Vn of abs VER
,
and the maximality of t says that

if we replace 1 With my Vi
then the resulting cover UVIVi] has a white

subcover. We now show Not to actually has a finite subcover
,
Kus Vi

obtaining a contradition. Fix
any
REF and Let U = V , /Un...V Y Vz

as above
,

so for each isss
....,
n)

,
YVNi] has a Guide subcower

~ 2

Mi VIVil
,
where thi is a finite subset of E. Then XIV: is covered by ti so

un u

Vi covers UKIVi) =V=V = U? so IUSVUE is a quile sub-
i= 1 i= 1

cover ofI
,

a contradiction



Example .

We use Alexander's Morem to give an easy proof Net (a
,
b] -R is compact.

Proof. Note Met P : = <(a , c) : ce (a
,bil V(k ,

62 : c (, 673 is a prebacis for the hop
of Ca

, b) ; indeed , any open ( ,
4) = Ca,1 ,

b]
.

To Now he [a ,b) is compact,
Xtake a cover MED of [0

,
b) .

Let x : =

<up (c (a
,b) : (a

,c) 13. 'c C'R

Then x is overed by 1 so 7 KEY sit
. XEU . This U cannot

be of the from (a
, c) bene they >X contradicting But x is the supremam .

Thus
U = (

, 6) for come 16 (
, b) , heave x

. By the def, of sup ,
7 is < st

.

[a
,
(1) + 1

. Then <Sa ,
c)

,
1

, 63) is a finite subcover of m.

Tychonoff's theorem (AC). An arbitrars product of compact spaces is compact.

Proof
.

Let X :=Xi where the Xi are compact top spaces. Recall Bot 1. base cylinders
CityUi) for come open UiEX : generate the product top ,

so the Alexander sprebasis
therem

,

itsuffices de showt any cover 12 of X with 1-base cylinders admits

a finite subcover
.

For each it I
,
let Mi : = \uicXi : Cir Mile 13 . We claim But

- it I such that Mi is a cover of Xi
.

Includ
,
otherwise

,

for each it I
,
Xi)VM :

X(i)eXi\Uli .

Then x is not covered by# & ,
30 by A2 - xeX sit

. Vie I,
1 since U= li . This proves the claim.

Now let it I be such let Hi is a cover of Xi
. By the compactness of Xi,

= inite over M Hi. Then U : = [Ciztu] : ReMih .
Then H is a finite

cover of X and is a subset of H.


